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I. INTRODUCTION

The flight stability of liquid-filled, spin-stabilized projectiles has been considered for
½, ; a wide variety of conditions, Originally, theories and experiments were centered about the

"case of large Reynolds -number (Re = a2o/l, see List of Symbols) for cylindrical payload
containers.," 2  Non-steady effects must be considered for practical applications and large
Reynolds number, for example, spin-up.3' 4.5  However, if the Reynolds number is small
(Re < 500), the effects of unsteady processes may be neglected. It is then possible to
employ a steady firnite-difference solution to the incompressible Navier-Stokes equations
for a fixed precession angle and steady rates of spin and precession. Pressures have been
measured under these conditions and can be used to validate numerical simulations.6,7

This report describes the steady-state finite-difference method of Strikwerda8  that has
been extensively investigated by Nusca9 for fluid-filled cylindrical containers, and the
extension of this code to non-cylindrical axisymmetric geometries. In particular, the case
of a cylinder with rounded endcaps (see Figure 1) is investigated.

II. BACKGROUND

In this section a steady-state computational fluid dyniamics (CFD) method and an
analytical simulation for cylindrical containers, are reviewed. Analytical and expeiimental
work for non-cylindrical containers is also referenced. In addition, the concepts of liquid-
induced roll and yaw (side) moment coefficients, by Murphy,' are described.

1
M'urphy, C.!!., "Angular Motion of a Spinning Projectile with a Viscous Liquid Payload," ARBRL-MR.03194, U.S.

Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland, August 1982. (AD A118676) Also AIAA
Journal of Guidance, Control, and Dynamics, Vol. 6, No. 4, pp,*.O-W8 6

, July-Aigaut 1983.
2 Gerber, N. and Sedney, R. "Moment on a Litsid-Filled Spinning and Nutating Projectile: Solid Body Rotation," ARBRL-

TR. 02470, U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland, February 1983 (AD AItJS3r).3
.lur-phY, C. H., "Moment Induced by a Liquid Payload During Spin-Up Without a Critical Carer," ARBFL-TR-OS8d,

U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland, Auguet 1984. (AD A145716) Also AIAA
Journal of Guidance, Control, and Dynamics, Vol. 8, No. 3, pp.354-359, May-J.ne 1983.

"Gerber N., "Liquid Moment on a Filled Coning Cylinder Diing Spin-Up: Ad Hoe Model," ARBRL-TR-.628, U.S. Army
Ballistic Research Laboratory, Aberdeen Prouing Ground, Maryland, December 1984. (AD 150W80)5 

D'Amico W. P., "Flight Data on Liquid-Filled Shell for Spin-Up Instabilities," ARBRL-MR-O33S4, U.S. Arim Ballistic
ResearcA Laboratory, Aberdeen Proving Ground, Maryland, February 1984. (AD 139136) Also AIAA Paper 3.31J43, August
19,43.

A%.Vsca M. J., D'Amsco W. P., and Beims, W. G., "Pressure Mfeasrements in a Rapidly Rotating and Coning. Highly
Viscous Fluid," ARBRL.MR.O3S25, U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Ma'ryland, November
1983. (AD Aa136814)

.Hepner, D.J., Kendall, T.M., Davis, B.S., and Tesly, W. Y., "Pressure Measurements in a Liquid-Filled Cylinder Usin* A
Three.Degree-Of-Freedom Flight Simulator," ARBRL-MR.356O, U.S. Army Balliatic Research Laboratory, Aberdeen Proving
Gr-und. AMariland, December 1966 (AD A 177672). Also. AIAA Paper No. 86.3036, 1986.

6Strmkwerda, J. C., and Nagel, Y. M., "A Numerical Meihod for the Incompressible Navier-Stokes Equations in Three-
Dimensional Cilindrical Geometry," Journal 04 Comptational Ph ysic., Vol. 78, pp. 64-78, 1988. .4Aso, Strikwerda, J. C..
and .Vogel, Y M., "A .Vmencal Study ofFlow in Spinning and Coning Cylinder#," CRDC-SP-86007, Proceedings of the 1965
Scientific Conference on Chemical Defense Research, Abe-deen Proving Ground, Maryland, April 1986.

9Njsca, M. J., "Computational Fluid Dynamics Methods for Low Reynolds V•umber Precessing/Spinning Incompressible
Fiowa." ARBRL.MR.03657, f!.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland, April 1988 (AD
A 19!69 1).



1. Cylindrical Containers.

Strikwerda and co-workers' have developed a steady-state, finite-difference, incom-
pressible Navier-Stokes method for fully-filled cylindrical containers. The code employs an
implicit, iterative, finite-difference method based on modified line successive-over-relaxation
and a pressure update from the gradienL of the velocity field. This code (denoted UWISC
for University of Wisconsin) employs a non-uniform grid to resolve the velocity and pres-
sure gradients near the cylinder walls, central finite-differences in the radial and axial
directions, and pseudo-spectral differencing to represent the azimuthal dependence. Com-
parison of UWISC with other finite-difference codes, finite-element codes, and analytical
methods is reported in Reference 9.

A spatial eigenvalue method has been developed by Hall, Sedney, and Gerber'0 (de-
noted HSG) for fully-filled cylindrical containers and constant-amplitude coning motion.

Murphy et.al." extended this mwthod to partial-fill, fully-filled with central rod, two
immiscible liquids, and slow changes to the amplitude of the coning motion. The Navier-
Stokes equations are written in an inertial reference frame. They are then reduced to a
set of linear partial differential ,cquations based on small angle coning motion, and linear
departures from solid body rotation are considered. No slip boundary conditions arc im-
posed at the cylinder walls which makes all flow variables proportional to e'U-) where f
is the component of the projectile spin along the symmetry axis and t is time. A particular
solution was employed which satisfies the axis and lateral wall boundary conditions but
not endwall conditions. The eigenvalue problem is obtained using separation of variables
from which an infinite sequence of complex eigenvalues is generated. The eigenvalues are
determined by an iterative process for which sufficiently accurate initial estimates are re-
quired for convergen.:e. The flow variables are expressed as eigenfunction expansions with
the coefficients determined by satisfying the endwall boundary conditions. A least squares
and collocation method have been used for this purpose. Comparisons of measured liq-
uid moment coefficients with the spatial eigenvalue code (HSG) and UWISC results9 have
shown the consistency of both methods. However, since spatial eigenvalue methods yield
results in significantly less computer run time, they are perhaps the preferred scheme for
cylindrical containers.

2. Non-cylindrical Containers - High Reynolds Number Flow.

A theory for non-cylindrical, axisymmetric, liquid-filled containers has been presented
by Wedemeyer. 2  This theory is derived from the linearized, inviscid Navier-Stokes
equations, thus Re = oo. Using this theory, the approximate eigen-frequencies of the
liquid oscillations can be computed. Liquid moments occur whenever any of the eigen-
frequencies fall within a certain bandwidth of the fast yaw (precessional) frequency of the
projectile. Liquid-filled, non-cylindrical cavities can be examined where the radius of the

° attll, P., Sedney, R., and Gerber, N., "Fluid Motion in Spinning, Coning Cylinder via Spatial Eigenj•nn.ton Expanaions,"

ARBRL-TR-2813, U.S. Armyu Ballietie Reeorerh Laboratory, Aberdeen Proving Ground, Maryland, Aaagst 1987.
S.Afurphy, C.H., Bradley, J.W., and Mermagen, W.H., "Liquid Side Moment bEzered by a Spinning, Coning, Highly Vacous

Liquid Payload." U.S- Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland, report in preparation.
"12 Wedevreyer, E.H., "Dynarmics of Liquid filled Shell: .Von-Cylindri-cal Cavity," BRL Report No. 1326, U.S. Army Ballistic

Ritcaarch Laboratory, Aberdeen Proving Ground, Maryland, August 1966.
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cavity is a slowly varying function of the distance along the cavity axis, Ida/dzl <, 1.
For cylindrical cavities, the inviscid eigen-frequencies are computed exactly and given in
Stewartson tables.1 3  For small deviations from cylindrical shape, small changes of the
eigen-frequencies must be expected. Karpov" showed experimentally that rounding the
corners of the cylindrical cavity produced very little effect on the range of instability.
However, considerable change resulted from modifications such as the conical reduction of
one or both ends of the cavity. Wedemeyer's theory agreed favorably with Karpov's data.

3. Non-cylindrical Containers - Low Reynolds Number Flow.

Written at the U.S. Army Ballistic Research Laboratory (BRL), the present CFD
code is a modified version of UWISC (denoted !WISC/BRL). Like thf. UWISC code, the
UWISC/BRL code uses a finite-difference method for the non-linear, fully viscous Navier-
Stokes equations. The computational algorithm is not efficient for Hlow Reynolds numbers
above 300 (see Section IV.2). The contained flowfield and the liquid-induced moments are
computed for axisymmetric containers of arbitrary shape. One application is for cylinders
with rounded endcaps where Ida/dzi > 0. The endcap is a circular arc where the cap
height above the flat endwall, at the axis of the cylinder, is e/a. For a hemispherical
endcap, e/a = 1 (see Figure 1).

4. Liquid Roll and Side Moment Coefficients.

Dimensional analysis and linear theories 1,2 indicate that the liquid moment coeffi-
cients (roll and yaw or side) will depend upon the following dimensionless parameters:

Linear Liquid Moment Coeff. = F[Re, c/a, T, K(1)

Given the use of a steady-state CFD code that retains the nonlinear terms, then
the liquid moment coefficient will also depend upon the precession angle (K, = sinac).
However, the UWISC steady-state code requires Kc = 0. Hence, this code would yield a
dependence as follows:

Steady - State Nonlinear Liquid Moment Coeff. = F[Re. c/a, r, Kc] (2)

The case for low Re should also follow this formulation and will be examined using the
dimensionless parameters as guides. It is highly possible that the liquid moment coefficients
are linearly related to ac~ for ac < 20 degrees9 . If this is the case, then two of the remaining
three parameters can be held constant, while the behavior of the liquid moment coefficient
upon the third parameter can be explicitly shown.

'Stewarlson, K., 'On The Stability of a Spinning Top Containing Liquid," Journal of Fluid Mechanic,, Vol. 5, Pt. •.

1.359.
"Karpov, B.G., "Dynamics of Liquid Filled Shell: Resonance in Modified Cylindrical Cavities," BRL Report Vo. 1332.

U.S. Army Balhstic Research Laboratory, Aberdeen Proving Ground, Maryland. AuguJt !966-
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Murphy15 suggested the use of roll and side moment coefficients for small, fixed
precession angles, a~, as defined below:

Roll Moment = mia 22[CLaMo + rK2CLRMj (3)

Transverse Moment = rnla 2' 2r[CLSM + iCLIM]KCeic (4)

where,
mn is the mass of liquid in a fully-filled cylindrical container (2irpla 2c)
a is the maximum radius of the container

is the spin rate of the container in the inertial frame
is the ratio of coning rate to spin, Oc4/€

CLRM is the steady-state liquid roll moment coefficient due to coning motion
CLRMQ is the liquid roll moment coefficient due to transient liquid effects (i.e. spinup)
CLSM is the liquid side moment coefficient
CLLM is the liquid in-plane moment coefficient
K, is sinac, where ak is the precession angle
01 is the phase angle of the coming motion

Further, .teference 15 gives a relationship between the moment coefficients for the lin-
earized, viscous Navier-Stokes equations. Hence, for small precession angles and indepen-
dent of the Reynolds number,

CLRM = -CLSM (5)

For arbitrary precession angles, Rosenblat"' has shown that,

CLRM = -CLsMtana. (6)

III. COMPUTATIONAL APPROACH

In this section the implicit finite-difference method is described. The approach fol-
lows that of Strikwerda' for a cylindrical container. In certain aspects of the method
basic changes were required for a non-cylindrical container (e.g. computational grid, grid
stretching, boundary conditions). In particular the numerical code was originally written
assuming cylindrical geometry throughout. Certain other aspects of the method are ap-
plicable to a non-cylindrical, axisymmetric container (e.g. psuedo-spectral differencing).
These differences and similarities in the method are highlighted in the following subsec-
tions.

"18Murphy, C. H., "A Relation Between Liquid Roll Moment and Lifuid Side Moment," AIAA Journal of Gvidance, Control
and Dynamics, Vol. 9, No. 5, pp. 187-288, March-April 1986. Also ARBRL.MR-01347, U.5. Army HBati*tjc Re#earch
Laboratory, Aberdeen Provinu :rotnd, Mar•land, April 1984. (AD A 140658)

"Rosenblat, S., Gooding, A., and Engleman, M. S., "Finite Element Calculations of Viseo,lastic Flt ' k in a Spir.ning
and Nutating Cylinder," CRDEC-CR-87051, U.S. Army CAemical Research, Development and Engineering Cen.:r, Aberdeen
Pro•ing Ground, Maryland, December 1986.

4
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1. Equations of Motion

Consider a fluid-filled container which is spinning about its geometric axis with spin-

rate Ql. and about the coning axis with spirerate ', (see Figure 1). The coning axis is fixed
in the inertial (Earth-fixed) reference frame. The container axis is inclined to the coning

axis by a fixed angle, a,. The fluid velocity V" and pressure p in the container are governed
by the incompressible Navier-Stokes equations for constant viscosity. These equations in
an inertial, cartesian coordinate system are given by,

DtD _V +uv(7)

V.= 0 (8)

These equations can be transformed to a non-inertial reference frame so that the fluid
motion becomes steady and thus time derivatives are zero, 9/10t = 0. This reference frame

rotates with angular velocity 'c about the coning axis and was also used by Strikwerda.'
Reference 8 gives the details of the transformation. In addition, the cylindrical coordinate
system is used in which ihe radial, azimuthal, and axial directions are denoted r, 0, z with
velocity components u, v, w. The cylindrical coordinate system is also used in the endcaps
where the grid lines are not aligned with the r, z directions.

The equations and variables are non-dimensionalized by the maximum radius of the
container (a) and with the inertial spinrate ($ = 02, + qcosa,) and the container radius,
as the velocity scale (ap'). Thus, the Reynolds number and the precessional frequency are
defined as,

Re = a2(9)1'

€° (10)

where the kinematic viscosity of the fluid is v =-/pj.

The solid-body rotation is subtracted from the velocity, and the pressure is redefined
such that,

V -computed + Vwlidd-body + 7 X r (11)

r 2  2r 2 
2

P=:coniPUt + rrae - [(rcoswcosa, + zsina¢) + r'sinaal (12)

The resultant equations are given by Strikwerda8 as,

-A(u) - ucon" - Uco- - O= 0 (13)
Re ar
1 1 1P
7,Iv) - Vco.v - Vcor - = 0 (14)

-t! -Wco,, - W -o,, - = -2rsinacrcos¢ (15)
Re OZ



1 8(ru) 1 v o.w
,. + =--+ - =0(16)

where,

au vatu Lu 8u V2
ucony = U- + -- + w- + T

oir r84 8z90
Liv v.9v Li, Liv uv

V,,... = U---+ - -
& r 046 8z '6b
0w vOw 8w 8w

wcony = U='7 + -"
8r re 8z 80

u.,j = 2wrsinaosino - 2v(rcosa, + 1)
Vorl = 2wrsinaccoso + 2u(rcosa, + 1)

u)',or, = -2rsinac(usino + vcoso)

(U) =l1 a (8u') 1 au a2u 2 t8v u
r(ts)r + r2 + -i + jZ2 r2 L9 r2

L = 1 a rov) 1 2v 82v 28u v
for rJ r 2-a4 8 8z2 r2 8a r2

A(w) = -I a (rOX) + __ %2ro r + r2 O02 + Z

2. Computational Grid

The equations of motion are solved on a discrete grid that covers the entire flow
domain. Figure 2 shows a typical grid for a cylinder of aspect ratio c/a = 1.486 with
rounded endcaps of height, e/a = 1. Only the portion of the container bounded by 0 _<
r/a < 1, 0 = 00, 0 < z/a < (c/a + e/a) is displayed in Figure 2. In this example there are
31 grid points in the r-direction, 81 grid points in the z-direction and 19 grid points in
the endcaps (i.e. 5V spacing). The particular grid configuration was chosen for the endcap
region to insure that grid cells are four-sided (in the =- constant plane) except at the
axis, r/a = 0. The axis grid line is a boundary, along which boundary conditions are
prescribed, and is not part of the computational domain. Thus multiple grid points at this
location are inconsequential. Grid stretching is used to insure adequate grid spacing at
the walls so that boundary layers and viscous shear stresses are accurately resolved. This
is accomplished using tb, following tratnsformations ,17

S- d{[(d + 1)/(d- i)]\ - 1 (17)

1 + [(d + 1)/(d- 1)],7

"1 Nuaca, M.J., "Nmerneail Simulation of Unsteady Incompressible Flow in a Partially.Filled R•.eiing Cylinder," ARBRL.
TR-MOMS, U.S. Army Ballieisc Reaetrch Laboratory, Aberdeen Provinp Oround, Mar,yland, June 189 (AD A198001).

6



(c/a)(l - b + (1 + b)[(b + 1)/(b - )]) (18)1 + [(b±+ 1)/(b- 1)]n-1

where A and Y7 are uniformly spaced coordinates in the r and z directions, respecively. The

parameters d < 1 and b < 1 are chosen to uchieve the desired clustering, with very fine

boundary spacing for d <,• 1 and b < 1.

3. Computational Algorithm

The numerical method used to solve the equations of motion is based on the finite
difference scheme of Strikwerda1 s and a psuedo-spectral method. Finite differences are
used to approximate derivatives in the radial (r) and axial (z) directions and the psuedo-
spectral method is used to approximate derivatives in the azimuthal direction (0). Use of
the psuedo-spectral method is possible since the flow variables vary in a periodic fashion in
the 0 direction. Since the non-cylindrical geometry under consideration in this work is also
axisymmetric, the periodicity in 0 is preserved in the endcaps. This results in substantial
savings in computer memory and execution time requirements.

Strikwerda1 s has shown that the use of "regularized" finite differences, instead of
central difference formula, allows the equations to be solved on a highly stretched grid
without loss in accuracy. As examples of the regularized differences, 9p/Oz and Ow/Or are
approximated by,

1P _ Pk•+I - Pk-I Pk+2 - 3pk+l + 3pk - p-(19)
8z 2Az 6Az

Ow wi+I - wi-I wi+ - 3wi + 3w.-. - wi- 2  (20)
-" 2Ar 6Ar

where i and k represent the radial and axial indicies, respectively, with i = 1 to I and
k = 1 to K. Grid spacings are represented by Ar and Az. Using the psuedo-spectral
method, approximations to the pressure derivatives, for example, with respect to the an-
gular variable, ý, are written as',

LP (J/2)'
(p) • naj,,,kcosn¢. - nb,,•,sinn¢. (21)

i,,,,ksinnoj
490 j,k ,i=O

where j represents the azimuthal indicie with j = 1 to J. The coefficients are given by,

2 J•1
ai,,k- 7 pijsinn4.,

7j=o

2 J-1bi,.,•1 " ,pij,kcosn~j

.=0

The boundary conditions on the container walls follow from the no-slip condition for
velocity and extrapolation from the interior flow for the pressure.

UI,.,,k =- Uij,l, -- Ut,,,K =- 0

"Strikwerds, J.C., "Finite Difference Methods for tAe Stokee sand Navier.$Sokee Equation," SIAM Journal of Scientific
and Statistical Computing, Vol. 5, No. I, Marca 19d4.

7



VIjk = Vi, 1 --= Vij, = 0

Wlj,k Wij, = Wij,X = 0

PIt,k = 3 p!-,1,k - 3 p1-2j,k + PI-sj,h

Pij,-- 3pij,2 - 3 Pid,3 + Pid,4

Pij,K - 3 Pij,K-I - 3 pij,K-2 + Pij,K-3

The boundary conditions on the container axis (z-axis) are obtained using interpolation
from neighboring grid points, for example,

W.j,,k= j E W2j.- - ZW3. /
j=1

PljJ = j - 7  P3j.k)

Variables at the grid points on the container axis at the interface between the cylinder and
the endcaps (r = 0, z = Ic/al) are assigned equal values. These values are obtained from
interpolation as above.

The system of non-linear equations is solved using a modified line successive-over-
relaxation method (LSOR). The method is described by Strikwerda1 9 for the case of
linear finite difference equations. Because the psuedo-spectral method is used in the az-
imuthal direction, line relaxation is utilized. In this case each line contains the grid points
in the azimuthal direction for each value of the radial and axial coordinates. This approach
is unchanged for the non-cylindrical axisymmetric geometry. The coupling between the
velocity components and the natural periodicity of the azimuthal coordinate leads to a pe-
riodic system of equations. Thus the system of equations that must be solved to determine
the velocity updates for each radial and axial grid location is a block tridiagonal periodic
linear system. After the velocity has been updated by one pass of the LSOR, the pressure
is updated using,

= - (. V (22)

where m is th'e iteration index and 3 is a parameter. Thus V. V- = 0 is not solved but
rather V .- = b where 6 is on the order of the truncation error for a second-order scheme.

4. Calculation of Liquid-Induced Moments.

Conservation of angular momentum for the steady flow in a control volume V with
surface S rotating with constant angular rate f about a fixed axis requires,

R = j(Ffx)dS

F x (2ý2x V) pdV + I rx [i x (ý X i)1pdV+J (Ir-x V) pV -dS (23)

"Sirnkwerds, J.C., "As Iterative Method for Salvino Finite Differenee Approrimations to the Stoke# Equations," SIAM
Journal of Numerical Anolris, Vol. f1, No. 3, June, 1984,
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where the velocity 1V is measured relative to the non-inertial reference frame. In this
equation, M and F are the resultant moment on the control volume and the stress acting
on the walls of the fully-filled container, respectively. The last term on the right-hand
side of the equation vanishes since V dS _ 0 on all boundaries. Thus the moment can
be calculated using the "surface integral" approach or the "volume integral" approach.
The moment can be expressed in terms of the cartesian components, M = (Me, M o, At),
which denote the yaw, pitch and roll moments, respectively. The yaw and roll components
correspond to the side and roll moment coefficients, CLSM and CLRM. Using the "volume
integral" approach, Herbert 20 and Rosenblat16 have shown that the non-dimensional yaw
and roll moments (non-dimensionalized by plas¢,k) for a cylindrical control volume can be
expressed as,

= csc "~j jt0 (wr~cos4') drdodz (24)

M. = -Mrtana, (25)
thus,

CLSM 17 J r jj m (wr 2coso)dd~d (26)
CLRM = -CLsMtan•c (27)

where 17 = c/a and r.. = 1. Murphy" has also derived and utilized the "volume integral"
in the spatial-eigenvalue method for highly viscous liquids. For a control volume consisting
of a cylinder with rounded endcaps, Equations 26 and 27 are used with t7 = c/a + e/a and
rmx=

IV. RESULTS

In this section the effects of rounded endcaps, versus flat endwalls, on the liquid-
induced side moment coefficient, CLsM, is examined for a fully-filled cylindrical container.
Results are shown for the original cylinder-only version of the finite-difference code, denoted
UWISC, and the Hall-Sedney-Gerber spatial eigenvalue code, denoted HSG, for cylindrical
geometries. For non-cylindrical geometries, results from the generalized axisymmetric
geometry version of the finite-difference code, denoted UWISC/BRL, are presented.

Moments were computed using both the "surface integral" and the "volume integral"
approach (see Section III.4). These methods yielded equivalent numerical results for all
cases presented in this report. However, the "volume integral" approach requires less
computational effort.

Because the HSG code is formulated assuming a small coning angle, all of the UWISC
and UWISC/BRL computations were performed for a, = 2'. All UWISC computations
presented in this section were performed using the same grid dimensiois with va-;able grid
wall spacing. All HSG computations were performed using 15 to 40 eigenvalues for Re 21.5
to 300. In some cases a cubic spline was used to join discrete data points in the following
figures.

20 Iie,'bert. T., "On the Viscous Roll Moment ,n a Spinnino sad Nucaling Cplinder," CRDC.SP.46007, Procee4ing. of the
1984 Scientific Conference on Chemical Defense Resedreh, Aberdeen Provani Ground, Maryland, April 19M,



1. Variation of CLsM with c/a.

Figure 3 shows the variation of CISM with endcap height, e/a, for a cylinder of aspect
ratio, c/a = 1.486. The height of the endcap is measured at the cylinder axis (see Figure
1). For e/a = 0 the container is a cylinder with flat endwalls, and for e/a = 1 the endcaps
are hemispher cal. The same value of CLSM for the cylindrical geometry is produced by
the UWISC/BRL and HSG codes. The value of CLSM decreases with increasing endcap
height, and reaches a minimum for e/a = 1. This suggests that the liquid side moment can
be reduced by as much as 20% by rounding the endwalls of a cylinder with aspect ratio
c/a = 1.486 at Re = 50. The value of the coning frequency used in this figure (r = .0469) is
typical of ballistic projectiles with liquid payloads. Since an endcap height of 1 represents
the limiting case, all subsequent calculations are for e/a = 1.

2. Variation of CLSM with Re.

Figure 4 shows the variation of CLSM with Reynolds number for endcap heights of
0 and 1, and a cylinder of aspect ratio of 1.486. For the cylindrical geometry, both the
UWISC/BRL and HSG codes show the same variation of liquid side moment with Re,
including a maximum, or resonance, at about Re = 75. Results using the UWISC/BRL
code for the same cylinder with hemispherical endcaps show a resonant condition at about
Re = 50. In addition, the value of CLSM at resonance is about 22% smaller for the cylinder
with rounded endcaps. For Re = 21.5 the liquid side moment is actually 12% smaller for
the cylinder with flat endwalls. However, for Re greater than the resonance value, the
addition of rounded endcaps has reduced the CLSM by as much as 55%.

As noted in a. previous study9 the UWISC code becomes computationally inefficient
for for Re > 300. Figure 5 shows the variation of computer (CRAY-XMP/48) CPU time
with Reynolds number. In each case the solution for a particular Re was used as a starting
solution for the subsequent Re solution. Since the computer time required increases in an
almost linear fashion with Re when scratch starts are used, the restart method results in a
substantial savings in computer run time. For Re < 100, solutions can be achieved in 2 to
4 hours using about 30,000 grid points for the cylindrical geometry, and 7000 additional
grid points for the rounded endcaps. These values are considered more than adequate for
c/a = 1.486. In the previous study9 with cylindrical containers, computer run times were
slightly less than 2 hours for the same value of c/a since a smaller grid was used. The
Re=100 solution for the cylindrical container required slightly more computer time than
the cylinder with rounded endcaps. The data from Figure 4 indicate that the maximum
CLSM also occurs at about Re= 100. This indicates that rounding the cylinder endcaps may
promote faster solution convergence. For larger values of Re, the computer run time rapidly
increases beyond 5 hours and approaches 12 hours for Re = 300. Some reduction in run time
(_<5%) can be realized by changing the value of 3 in Equation 22 (i.e. a converged solution
would require fewer iterations) or relaxing the convergence tolerance. Partially-converged
solutions (i.e. using relaxed convergence tolerance) for Reynolds Numbers around 10 can
require <2 CPU hours using a mini-computer (e.g. VAX 8600) and be used for preliminary
design applications. This technique results in severe degradation of the accuracy of CLSM
values for Re greater than about 20.
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3. Variation of CLSM with r.

Figure 6 shows the variation of CLSM with coning frequency for Re = 50, endcap

heights of 0 and 1, and a cylinder of aspect ratio of 1.486. For the cylindrical geometry,

both the UWISC/BRL and HSG codes show the same variation of liquid side moment

with r, includiug a resonance at -r = .5. Results using the UWISC/BRL code for the same

cylinder with hemispherical endcaps show a resonant condition at r = .65, with a value of

CLSM about 20% larger than the CuM for a cylinder. For -r greater than about .35, the

liquid side moment is actually 50% smaller for the cylinder with flat endwalls. However,

for r smaller than the resonance value, the addition of rounded endcaps has reduced the

CLSM by as much as 19%.

As noted in a previous study9 the UWISC code cannot be run for r > 1, whereas

the HSG code has been used for coning frequencies greater than the spin frequency. This

condition can be resolved by reformulating the UWISC code and dividing the governing

equations by r.

4. Variation of CLSM with c/a.

Figure 7 shows the variation of CLSM with cylinder aspect ratio for Re = 50, r = .0469,
and endcap heights of 0 and 1. For the cylindrical geometry, both the UWISC/BRL and
HSG codes show the same variation of liquid side moment with c/a, including a resonance
at c/a = 1.2. Results using the UWISC/BRL code for the same cylinder with hemispherical
endcaps show a resonant condition at c/a = .6, at about the same value of CLSM. For c/a
greater than 1.0 the liquid side moment is up to 19% smaller for the cylinder with rounded
endcaps. For c/a greater than 2 the value of CISM is only 2% smaller for cylinders with
rounded endcaps. The value of CLSM approaches 0 as c/a approaches 0 for both the
cylinder with flat endwalls and the cylinder with hemispherical endcaps. In the case of the
hemispherical endcaps, for c/a = 0 the container is a sphere. For a sphere, the integration
of pressures over the symmetric interior geometry will not produce a contribution to CLSM.
Additionally, viscous shear stresses will be zero since, for a sphere, steady rotation and
precession is simply rigid body rotation about a different axis.

5. Application to Flight Tested Payloads.

Pope21 reported analysis of flight test data for projectiles with highly viscous liquid
payloads (i.e. low Reynolds Number) contained in cylinders with large c/a. A particular
example was for Re = 45.2, r = .123, c/a = 4.23, and a, = 2'. Table 1 lists the measured
CLSM as well as computed CLSM using the HSG and UWISC/BRL codes. Both HSG and
UWISC/BRL show a CLSM value 23% smaller than measured for the cylindrical container,
The addition of rounded endcaps slightly increases the moment for e/a < 1 and decreases
the moment by 517 for e/a = 1. The small change in CLSM for this case is consistent
with the results of Figure 7 for large aspect ratio containers. In this case "rounding"

21 Pope, R.L., "Further Analysis of Yawsoade Data From Some Liquid Payload Projectiles," ARBRL.MR-03320, U.S. Army
Ballistic Research Laboratoryp, Aberdeen Proving Ground, Maryland, December 1983 (AD A 137258).
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the endcaps does not substantially redluce the liquid moment and would not represent an
effective solution for unstable projectile fligbts.

Table 1. Application to Flight Tested Payloads.

C/a Datum CLSM
0 Flight Data"l .0550
0 HSG .0424
0 UWISC/BRL .0420

.50 UWISC/BRL .0424

.75 UWISC/BRL .0421
1.o UWiSC/Bn•L .0417

V. CONCLUSIONS

The three-dimensional, steady, laminar, Navier-Stokes equations are solved using an
implicit finite-difference scheme based on successive-over-relaxation. The method of Strik-
werda, for fluid-filled cylindrical containers, has been extended to non-cylindrical axisym-
metric geometries. The liquid side moment coefficient for a cylinder with rounded endcaps
is investigated using this code for Reynolds number, 10 _< Re < 300. Rounded endcaps can
decrease the liquid-induced moment by as much as 40% for some values of the Reynolds
number, coning frequency, and cylinder aspect ratio.

Further modification of the code (e.g. ellipsoidal endcaps, partial-fill, etc.) could be
accomplished. However, a computational fluid dynamics code for time-dependent, three-
dimensional, incompressible flow in arbitrary geometries haw, been written by Chakravarthy
et.al.22 . This code is a generalized version of a previous code 23,24 that was used for
fully-filled cylindrical containers in steady coning motion and flow Reynolds Numbers as
high as 500,000. The new code by Chakravarthy uses the same numerical scheme as the
previous code but includes a zonal grid scheme to faciliate grid generation in containers
of arbitrary shape. The code requires modification of the boundary conditions, referenco3
frame, and equations of motion in order to compute liquids in precessing/spinning contain-
ers. However, this code can be more easily modified than UWISC/BRL for free surface
boundary conditions, multiple liquids, time-dependent container motion and other cases
of interest.

2 2 Paa, D., avid Chakravarthl, S.R., "Unified Formulltion for Incompreesible Flows," Al4A.49-0121, Proceedings of the
17th AIAA Aerospace Sciences Meeting, Reno, NV, January Y.12, 1989.

23"Kwak, D., and Caskavarthy, S.R., "A Three-Dimeseionl Incompressible N4,ier.-Sokee Flow Solver Using Primitie
Variables," IAJdJournal Vol. 24, No. 3, March 19o6, pp. 390-398.

24 N',ic, M.J., and Cooper, G.R., "Computational Fluid Dynamics Method for URiUa4tea Incompretaible Roltatfin Flow with
Inspulsive Coning Motion," CRDEC-SP.89005, Proceedings of the 1988 Scientific Conference on Chemical Defents Research,
Abeideeit Proving Ground, Maryland, 1989.

12



qýc

ac

ea

Figure 1. Cylinder With Rounded Endcaps - Configuration and Nomenclature (Hemi-
spherical Endcap Shown)

13



LO

M

M

M

0.0000 0.4972 0.9944 1.4916 1.9888 2.486

r/a

Figure 2. Typical Computational Grid (Hemispherical Endcap Shown)

14



Re = 50 T - .0469 c/a = 1.486 a = 2 deg

0.030 -

0.025

.j 0.015

0.010 L HSG (cylinder), e/a = 0
0 UWISC/BRL

0.005

0.000 1 1 L I I I I I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Rounded Endcap Heighf, e/a.

Figure 3. Variation of Liquid-Induced Side Moment Coefficient with Rounded Endcap
Height: Re = 50, T = .0469, c/a = 1.486, ac = 20
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Figure 4. Variation of Liquid-Induced Side Moment Coefficient with Reynolds Number;
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Figure 5. Variation of CRAY-XMP/48 CPU Time with Reynolds Number; e/a = 0 and
1, r = .0469, c/a = 1.486, ac, 20
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List of Symbols

a cylinder maximum radius
c cylinder-section half-height
c/a cylinder-section aspect ratio
CLRMl steady-state liquid roll moment coefficient due to coning motion
CLaMO liquid roll moment coefficient due to transient liquid spinup
CLSM liquid side moment coefficient
CLIM liquid in-plane moment coefficient
e/a ratio of endcap height to maximum cylinder radius
f shear stress on the container surface
i, j, k grid indicies for the radial, azimuthal, and axial directions
I, J, K total number of grid points in the radial, azimuthal, and axial directions
K, sina,
k, yaw growth rate
AM angular momentum
MI mass of liquid in a fully-filled cylindrical container (21rpja 2 c)

p static pressure
r radius or radial direction
F position vector
Re Reynolds number, a2l/v
S control surface
t time
u, v, w velocity compunents in the radial, azimuthal, and axial diiections
V velocity vector
V control volume
Z axial direction

Greek Symbols

Sa, coning or precession angle
ý3 parameter, see Equation 22

molecular viscosity of the liquid
v, kinematic viscosity of the liquid, 1 /p
PI density of the liquid
r ratio of coning rate to spin, /
0 azimuthal angle or azimuthal direction
0. p.',.e ,.gle of the coning motion

;spin rate of the container in the inertial frame, fQ. + ¢ccosac
.OC spin rate of the container about the coning axis

Q., spin rate of the container about the geometric axis
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